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ABSTRACT
The outbreak of COVID-19, caused by a coronavirus called SARS-

CoV-2 virus, has been declared a pandemic by the World Health

Organization (WHO) in March and rapidly spread to over 100 coun-

tries. As of May 20, there are over 4.9𝑀 cumulative confirmed cases

with 324𝐾 deaths worldwide. To mathematically model the spread

of the COVID-19 pandemic, we propose a time-dependent SEIR

model considering the incubation period and both symptomatic

and asymptomatic infectious cases. Unlike the classic SIR based

models with constant parameters, our dynamic model not only

predicts the number of cases in each state, but also monitors the

trajectory of the changing rate associated with each state, such as

transmission rate 𝛽 (𝑡), recover rate 𝛾 (𝑡), the basic reproduction
number 𝑅0 (𝑡) and so on. Tracking these changing rates, we observe
the obvious decreasing in the transmission rate after the authority

announced a series of orders, such as school closure and stay-at-

home, to prevent the spread of the pandemic. As of May 20, most

states lifted the restrictions but it may come with a surge of new in-

fections as we see some states already showed the increasing trend

in the confirmed cases. Using our time-dependent model, people

can track and predict 𝛽 (𝑡), 𝑅0 (𝑡) and other critical rates in order to

timely monitor the pandemic. To validate our model, we use both

the national level data, e.g. China, USA and Italy, and state level

data, e.g. Iowa and Texas. Our one-day relative prediction error of

the number of confirmed cases for the U.S. is around 0.95%. We

also perform simulation analysis of the model considering both

symptomatic and asymptomatic infections.
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1 INTRODUCTION
On March 11, 2020, the World Health Organization (WHO) made

the assessment that the outbreak of the novel coronavirus (COVID-

19) can be characterized as a pandemic. The outbreak was first

declared a Public Health Emergency of International Concern on

30 January 2020 after the COVID-19 outbreak started in Wuhan,

China in December 2019. By the end of January 2020, the confirmed

cases in China went up to 11, 791. Only one month later, the number

increased almost 8-fold to 80, 134 and the COVID-19 cases gradually

showed up in other countries. Starting March 2020, the outbreak

spread to more than 100 countries. Within a few months, the pan-

demic led to almost 5 million confirmed cases and over 300𝐾 deaths

worldwide.

As of May 20, there are 4.9𝑀 confirmed cases with 324𝐾 deaths

and 1.71𝑀 recovery. Out of the 4.9𝑀 , we compare the cumulative

confirmed cases of each country, and summarize what percentage

each country contributes to the confirmed cases worldwide. Figure

1 shows the top 20 countries most impacted by the COVID-19

pandemic. The percentage of cases in each country is also labeled.

As of May 16, there are four countries, the United States, Spain,

Russia, and United Kingdom, share more than 5% of the global cases.

The trajectories of the confirmed cases of the four countries are

also displayed in the top right corner of Figure 1.

The COVID-19 pandemic not only causes mortality and heavy

stress on health systems, but also impacts people’s daily life and

the society. To fight the COVID-19 pandemic, governments across

the globe have schools closed, travel and business restricted. The

vast majority of states in the United States had stay-at-home order

https://doi.org/10.1145/nnnnnnn.nnnnnnn
https://doi.org/10.1145/nnnnnnn.nnnnnnn
https://doi.org/10.1145/nnnnnnn.nnnnnnn
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Figure 1: Countries impacted by COVID-19

officially placed in order to reduce the spread of the pandemic

by minimizing close contact between people. Residents stayed at

home, all non-essential businesses were closed and their employees

worked from home only. The impact on the society comes later with

the rising unemployment, psychological well-being of individuals

and significant behavioral changes causing social disturbances.

As of May 20, almost all states have lifted the stay-at-home

order and loosened their restrictions to allow some businesses to

reopen. However, we notice that the number of daily confirmed

cases displays a significant increasing trend after the reopen in

some states such as Alabama. By looking at the numbers only, it is

difficult to assess what stage we are at in the COVID-19 pandemic

and when it is going to end. Therefore, it is crucial to build a model

to characterize and further predict the spread of the COVID-19

pandemic.

The classic epidemiologymodel exhibits compelling results, espe-

cially during the early period of the pandemic. The compartmental

models, which are the simplified versions of mathematical models

for infectious diseases, divide the population into different com-

partments between which people may progress. Different diseases

are represented by different compartmental models (see e.g., [2],

[3], [9], [21], [22]). The SIR model is one of the classic and simple

compartment models which is used to model a disease without an

incubation period. There are three compartments in the model: sus-

ceptible (S), infectious (I), and recovered/deceased (R). The number

in each compartment may vary over time. And SIR model charac-

terizes the dynamic changes in each compartment using ordinary

differential equations with details described in section 2. The deter-

ministic SIR and derivatives are widely used to predict the infectious

deceases like COVID-19 [4, 11, 26]. Besides compartmental models,

statistical learning techniques are also widely used in biomedical

field [8, 10, 16, 29–31]. IHME team [16] employs a statistical model

to predict the number of deaths, the demand of hospital beds, ICU

beds and ventilators in a few months.

In this paper, we propose to develop a time-dependent SEIR

model with coefficients estimated by ridge regression. This model

is obtained from SIR model and considers the existence of incu-

bation period. Individuals who have been infected but are not yet

infectious are labeled as exposed (E). Instead of using constant pa-

rameters in SIR based models, we propose to model the parameters

as time-dependent. Additionally, we extend our model to include

both symptomatic and asymptomatic infectious cases. With the

proposed time-dependent SEIR model, we aim at answering the

following questions:

• What is the trajectory of transmission rate, incubation rate

and recovery rate?

• When is the inflection point?

• How does the reopen order affect the spread of the pan-

demic?

• How do the asymptomatic infections affect the pandemic?

• When will the mortality reach the peak?

• How many cases do we expect to have when the pandemic

is over?

The remainder of the paper is organized as follows: We build the

time-dependent SEIR model in Section 2 and extend the model to

include symptomatic and asymptomatic infections in Section 3. We

analyze the asymptotic stability of the disease-free equilibrium in

Section 4. To valid our model, we perform numerical analysis using

national level data, state level data and simulations. The numerical

results are summarized in Section 5. We conclude this paper in

Section 6.

2 THE TIME-DEPENDENT SEIR MODEL
The traditional susceptible-infected-recovered (SIR) model, includes

three states: the susceptible state,the infected state, and the recov-

ered state. An individual in the susceptible state is the one who does

not have the disease at time t yet, but may be infected if one is in

contact with a person infected with the disease. The infected state

refers to an individual who has a disease at time t and may infect a

susceptible individual potentially (if they come into contact with

each other). The recovered state refers to an individual who is either

recovered or dead from the disease and is no longer contagious at

time t. Also, a recovered individual is assumed not to be back to the

susceptible state anymore. The reason why deaths is counted in

the recovered state is that, from an epidemiological point of view,

recovered and deaths both mean no more impact on the spread of

the disease. As such, they can be effectively eliminated from the

potential host of the disease. We use 𝑆 (𝑡), 𝐼 (𝑡) and 𝑅(𝑡) to denote
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the numbers of susceptible, infections, and recovered/death at time

𝑡 . The resulting ODE model describing the transmission dynamics

of COVID-19 is given by the following deterministic system of

nonlinear differential equations:

𝑑𝑆

𝑑𝑡
= − 𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)

𝑛
, (1)

𝑑𝐼

𝑑𝑡
=

𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)
𝑛

− 𝛾𝐼 (𝑡), (2)

𝑑𝑅

𝑑𝑡
= 𝛾𝐼 (𝑡), (3)

where

𝑆 (𝑡) + 𝐼 (𝑡) + 𝑅(𝑡) = 𝑁

and 𝑁 is the population. Health care professionals have declared

that individuals who have been exposed to COVID-19 show symp-

toms about 5 days on average. Considering the existence of latent

period prior to the onset of infectiousness, we add one more com-

partment, exposed (E), in the dynamic model. We also assume the

parameters to be time dependent. In particular, let 𝜎 (𝑡) be the rate
at which individuals leave the E state (incubation rate), 𝛽 (𝑡) be the
transmission rate and 𝛾 (𝑡) be the recovering rate.

The SEIR model with time dependent parameters are formulated

as follows:

𝑑𝑆

𝑑𝑡
=

−𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)
𝑁

, (4)

𝑑𝐸

𝑑𝑡
=

𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)
𝑁

− 𝜎 (𝑡)𝐸 (𝑡), (5)

𝑑𝐼

𝑑𝑡
= 𝜎 (𝑡)𝐸 (𝑡) − 𝛾 (𝑡)𝐼 (𝑡), (6)

𝑑𝑅

𝑑𝑡
= 𝛾 (𝑡)𝐼 (𝑡), (7)

given the total population 𝑁 ,

𝑆 (𝑡) + 𝐸 (𝑡) + 𝐼 (𝑡) + 𝑅(𝑡) = 𝑁 (8)

For a randomly chosen individual in the population, the proba-

bility of being a susceptible is
𝑆 (𝑡 )
𝑁

. 𝛽 (𝑡) is the average number of

contacts per person per time, then the average number of contacts

between susceptible and infection is
𝛽 (𝑡 )𝑆 (𝑡 )

𝑁
. There are totally 𝐼 (𝑡)

infections, therefore the number of people newly exposed to the

disease at time 𝑡 is
𝛽 (𝑡 )𝑆 (𝑡 )𝐼 (𝑡 )

𝑁
. 𝜎 (𝑡) is the rate at which individual

transition from the exposed state to the infectious state (i.e. incu-

bation rate). As every individual in the infected state recover with

rate 𝛾 (𝑡), there are (on average) 𝛾 (𝑡)𝐼 (𝑡) people recovered at time 𝑡 .

2.1 Discrete Time-Dependent SEIR Model
In this subsection, we rewrite the differential equations in (4)–(7)

into discrete time difference equations since the COVID-19 data is

updated in days.

𝑆 (𝑡 + 1) − 𝑆 (𝑡) =
−𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)

𝑁
, (9)

𝐸 (𝑡 + 1) − 𝐸 (𝑡) =
𝛽 (𝑡)𝑆 (𝑡)𝐼 (𝑡)

𝑁
− 𝜎 (𝑡)𝐸 (𝑡), (10)

𝐼 (𝑡 + 1) − 𝐼 (𝑡) = 𝜎 (𝑡)𝐸 (𝑡) − 𝛾 (𝑡)𝐼 (𝑡), (11)

𝑅(𝑡 + 1) − 𝑅(𝑡) = 𝛾 (𝑡)𝐼 (𝑡), (12)

with the variables 𝑆 (𝑡), 𝐸 (𝑡), 𝐼 (𝑡) and 𝑅(𝑡) satisfying (8). Assuming

most of the population are in the susceptible state i.e { 𝑆 (𝑡) ≈ 𝑁, 𝑡 ≥
0}. By simplifying (9)–(12), we get 𝛽 (𝑡), 𝜎 (𝑡), 𝛾 (𝑡) of each day as

follows:

𝛽 (𝑡) = 𝐸 (𝑡 + 1) − 𝐸 (𝑡) + 𝐼 (𝑡 + 1) − 𝐼 (𝑡) + 𝑅(𝑡 + 1) − 𝑅(𝑡)
𝐼 (𝑡) (13)

𝜎 (𝑡) = 𝐼 (𝑡 + 1) − 𝐼 (𝑡) + 𝑅(𝑡 + 1) − 𝑅(𝑡)
𝐸 (𝑡) . (14)

𝛾 (𝑡) = 𝑅(𝑡 + 1) − 𝑅(𝑡)
𝐼 (𝑡) . (15)

Assuming historic data is available for each state during a time

period. For instance, we have {𝑆 (𝑡), 𝐸 (𝑡), 𝐼 (𝑡), 𝑅(𝑡), 0 ≤ 𝑡 ≤ 𝑇 } be-
fore time𝑇 . Then we can compute the rates series {𝛽 (𝑡), 𝜎 (𝑡), 𝛾 (𝑡)}
using (13), (14), and (15) for the time period 0 ≤ 𝑡 ≤ 𝑇 − 1. Now

the problem can be formulated as a regression problem, i.e. given

{𝛽 (0), 𝛽 (1), . . . , 𝛽 (𝑇 − 1)}, how to predict the future 𝛽 (𝑡), and the

same for 𝜎 (𝑡) and 𝛾 (𝑡).

2.2 Tracking the Transmission Rate 𝛽 (𝑡),
Incubation Rate 𝜎 (𝑡) and Recovery Rate 𝛾 (𝑡)

Given {𝛽 (0), 𝛽 (1), . . . , 𝛽 (𝑇 − 1)}, there are actually many ways to

predict 𝛽 (𝑡) for 𝑡 ≥ 𝑇 . For instance, we can use moving average

filter, autoregressive model and other time series models, nonlinear

methods like spline, etc. Here we choose to build linear model with

regularization as follows.

min

𝑎 𝑗

𝑇−2∑
𝑡=𝐽

(𝛽 (𝑡) − 𝑎0 −
𝐽∑
𝑗=1

𝑎 𝑗 𝛽 (𝑡 − 𝑗))2 + _1
𝐽∑
𝑗=0

𝑎2𝑗 (16)

min

𝑏𝑘

𝑇−2∑
𝑡=𝐾

(𝜎 (𝑡) − 𝑏0 +
𝐾∑
𝑘=1

𝑏𝑘𝜎 (𝑡 − 𝑘))2 + _2
𝐾∑
𝑘=0

𝑏2
𝑘
, (17)

min

𝑐𝑙

𝑇−2∑
𝑡=𝐿

(𝛾 (𝑡) − 𝑐0 +
𝐿∑
𝑙=1

𝑐𝑙𝛾 (𝑡 − 𝑙))2 + _3
𝐿∑
𝑙=0

𝑐2
𝑙
, (18)

where _1, _2 and _3 are the regularization parameters and 𝐽 , 𝐾

and 𝐿 are the orders of the autoregressive models (0 < 𝐽 , 𝐾, 𝐿 <

𝑇 − 2), 𝑎 𝑗 , 𝑗 = 0, 1, ..., 𝐽 , 𝑏𝑘 , 𝑘 = 0, 1, ..., 𝐾 and 𝑐𝑙 , 𝑙 = 0, 1, ..., 𝐿 are

the coefficients. The coefficients and tuning parameters can be

estimated using cross validation.
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Table 1: Model parameters with brief description, likely ranges based on modeling and clinical studies, and default values

Parameter Description Likely range References

𝛽 Transmission rate (infectious contact rate) 0.5–1.5 day
−1

[17], [20], [23]

𝜎 Transition from exposed to infectious
1

5.1 [5] [17]

[ Infectiousness factor for asymptomatic carriers 0.4 - 0.6 [7], [13]

𝛼 Fraction of infections that become symptomatic 0.15 - 0.7 [7], [13], [15], [27]

𝛾 Recovery rate
1

10
[17] [5]

𝛾𝐴 Recovery rate for Asymptomatic 1/14 - 1/3 day
−1

[25], [32]

𝛾𝐼 Recovery rate for symptomatic 1/30 - 1/3 day
−1

[25], [32]

2.3 Predicting the Exposed Persons 𝐸 (𝑡),
Infections 𝐼 (𝑡), and Recovered 𝑅(𝑡)

Given the historic data {𝑆 (𝑡), 𝐸 (𝑡), 𝐼 (𝑡), 𝑅(𝑡), 0 ≤ 𝑡 ≤ 𝑇 }, we first
compute three rates series {𝛽 (𝑡), 𝜎 (𝑡), 𝛾 (𝑡), 0 ≤ 𝑡 ≤ 𝑇 − 1} as in
Section 2.1. For each rate, we predict the value for 𝑡 ≥ 𝑇 using the

model in Section 2.2 and denote them as { ˆ𝛽 (𝑡), �̂� (𝑡), 𝛾 (𝑡), 𝑡 ≥ 𝑇 }.
Inspired by (10), (11), and (12), all we need to predict tomorrow’s

cases number are today’s cases number and rates, i.e.

𝐸 (𝑡 + 1) = 𝐸 (𝑡) + ˆ𝛽 (𝑡)𝐼 (𝑡) − �̂� (𝑡)𝐸 (𝑡), 𝑡 ≥ 𝑇, (19)

𝐼 (𝑡 + 1) = 𝐼 (𝑡) + �̂� (𝑡)𝐸 (𝑡) − 𝛾 (𝑡)𝐼 (𝑡), 𝑡 ≥ 𝑇, (20)

𝑅(𝑡 + 1) = 𝑅(𝑡) + 𝛾 (𝑡)𝐼 (𝑡), 𝑡 ≥ 𝑇 (21)

Note that when predicting 𝑆 (𝑇 + 1), 𝐸 (𝑇 + 1), 𝑅(𝑇 + 1), i.e. 𝑡 = 𝑇 ,
the available data 𝑆 (𝑇 ), 𝐸 (𝑡), 𝑅(𝑡) are used. The detailed steps are

summarized in Algorithm 1

Algorithm 1: Tracking Discrete Time Time-dependent

SEIR Model

input : {𝐸 (𝑡), 𝐼 (𝑡), 𝑅(𝑡), 0 ≤ 𝑡 ≤ 𝑇 − 1 }, regularization

parameters _1, _2 and _3, order of

autoregressive model 𝐽 , 𝐾, 𝐿, prediction

window𝑊 .

output : {𝛽 (𝑡), 𝜎 (𝑡), 𝛾 (𝑡) . 0 ≤ 𝑡 ≤ 𝑇 − 2},
{ ˆ𝛽 (𝑡), �̂� (𝑡), 𝛾 (𝑡) . 0 ≤ 𝑡 ≤ 𝑇 − 2},
{ ˆ𝐸 (𝑡), ˆ𝐼 (𝑡, ˆ𝑅(𝑡), 𝑡 ≥ 𝑇 }.

1 Measure {𝛽 (𝑡), 𝜎 (𝑡), 𝛾 (𝑡) . 0 ≤ 𝑡 ≤ 𝑇 − 2} using (15), (14),

and (13) respectively.

2 Train the ridge regression and estimate
ˆ𝛽 (𝑇 − 1), �̂� (𝑇 − 1)

and 𝛾 (𝑇 − 1) using (16), (17), and (18).

3 Estimate the number of exposed persons
ˆ𝐸 (𝑡), infected

persons
ˆ𝐼 (𝑡) and recovered persons

ˆ𝑅(𝑡) on the next day T

using (19), (20) and (21) respectively.

4 While 𝑇 ≤ 𝑡 ≤ 𝑇 +𝑊 do
5 Estimate

ˆ𝛽 (𝑡), �̂� (𝑡) and 𝛾 (𝑡) by (13), (14) and (15)

respectively.

6 Predict 𝐸 (𝑡 + 1), 𝐼 (𝑡 + 1) and 𝑅(𝑡 + 1) using (19), (20), and

(21) respectively.

7 end while

3 THE SEIR MODEL WITH SYMPTOMATIC
AND ASYMPTOMATIC INFECTIOUS
PERSONS

People with COVID-19 have had a wide range of symptoms re-

ported ranging from mild symptoms to severe illness. In fact, it

was reported the United States center for disease and control that

symptoms of COVID-19 may appear 2-14 days after exposure to

the virus, which include but not limited to coughing, shortness of

breath or difficulty breathing, fever, chills, muscle, pain, sore throat,

and loss of taste or smell. However, what make COVID-19 disease

novel that the scientific community is still battling to understand

is that there are people who do not show any of the symptoms.

In a recent study published by the World Health Organisation in

Jan 2020 [28], about 87.9% of the COVID-19 patients had fever and

67.7% of them had cough. Moreover, the recent work by [14] con-

firmed the existence of asymptomatic COVID-19 patients that are

unaware of their ability to transmit the disease. For this reason,

we propose a susceptible, exposed, symptomatic infectious, asymp-

tomatic infectious, and recovered modeling framework denoted by

𝑺 (𝒕), 𝑬 (𝒕), 𝑰 (𝒕), 𝑨(𝒕), and 𝑹(𝒕). We assumed that there are infec-

tious individuals that can transmit the disease but without showing

symptoms (i.e. asymptomatic persons). The resulting model for

the transmission dynamics of COVID-19 is given by the following

deterministic system of nonlinear differential equations:

𝒅𝑺

𝒅𝒕
= −𝜷 (𝒕) (𝑰 + 𝜼𝑨)

𝑺

𝑵
, (22)

𝒅𝑬

𝒅𝒕
= 𝜷 (𝒕) (𝑰 + 𝜼𝑨)

𝑺

𝑵
− 𝝈𝑬, (23)

𝒅𝑰

𝒅𝒕
= 𝜶𝝈𝑬 −𝜸𝑰 𝑰 , (24)

𝒅𝑨

𝒅𝒕
= (1 − 𝜶 )𝝈𝑬 −𝜸𝑨𝑨, (25)

𝒅𝑹

𝒅𝒕
= 𝜸𝑰 (𝒕)𝑰 +𝜸𝑨(𝒕)𝑨, (26)

where

𝑺 + 𝑬 + 𝑰 +𝑨 + 𝑹 = 𝑵 (27)

is the total population in the community, and 𝜷 (𝒕) is the trans-

mission rate which is assumed to be time dependent. Moreover,

𝜸𝑰 (𝒕) and 𝜸𝑨(𝒕) are the recovery rates for the symptomatic and

asymptomatic persons which is assumed to be varying with respect

to time, 𝜼 represent the relative infectiousness of asymptomatic

persons (in comparison to symptomatic persons), 𝝈 is the transition
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rate from the exposed to infectious class (so 1/𝝈 is the disease incu-

bation period), and 𝜶 is the fraction of cases that are symptomatic

for the population under consideration.

The above SEIR model is based on the modeling framework

proposed in [24], and the variety of SEIR-style models recently

employed in [6, 12].

4 ANALYTICAL RESULTS
4.1 Basic Reproduction Number for the SEIR

Model with Asymptomatic Persons
In this section we give the closed-form expression for the basic

reproduction number,R0, for themodel with asymptomatic persons

(22)–(26) for the special case when 𝜷 (𝒕) ≡ 𝜷0, 𝜸𝑰 (𝒕) ≡ 𝜸𝑰 , and
𝜸𝑨(𝒕) ≡ 𝜸𝑨. The local stability of the disease free equilibrium

(DFE), given by

DFE: (𝑺∗, 𝑬∗, 𝑰 ∗, 𝑨∗, 𝑹∗
) = (𝑵 (0), 0, 0, 0),

is explored using the next generation operator method [18], [19].

Using the notation in [18], it follows that the matrices F of new

infection terms andV of the remaining transfer terms associated

with the version of the model (22)–(26) are given, respectively, by

F =













0 𝜷0 𝜷0𝜼
0 0 0
0 0 0













,

V =













𝝈 0 0
−𝜶𝝈 𝜸𝑰 0

−(1 − 𝜶 )𝝈 0 𝜸𝑨













.

The basic reproduction number of the model (22)–(26), denoted by

R0, is given by

R0 =
𝜷0𝜶

𝜸𝑰
+
𝜷0𝜼(1 − 𝜶 )

𝜸𝑨
(28)

The result below follows from Theorem 2 of [19].

Theorem 4.1. The disease-free equilibrium (DFE) of the model
(22)–(26) is locally-asymptotically stable if R0 < 1, and unstable if
R0 > 1.

The basic reproduction number, R0, in this case measures the aver-

age number of new COVID-19 infections generated by an average

infected individual introduced into a population. The newly sympto-

matic infectious person can infects on averaged
𝜷0
𝜸𝑰

with probability

𝜶 . Simailarly, the asymptomatic individual can infects on average

𝜷0
𝜸𝑨

with probability (1 − 𝜶 ). The epidemiological implication of

Theorem 4.1 is that a small influx of COVID-19 cases will not gen-

erate a COVID-19 outbreak if the basic reproduction number R0 is
less than unity, and there will be an outbreak if R0 is greater than
unity.

5 NUMERICAL RESULTS
5.1 Result For Time-dependent SIR Model
In this section, we implement a simplified version of our model as

in [4] which includes only 𝑺 (𝒕), 𝑰 (𝒕), 𝑹(𝒕) since we do not have the
recorded Exposed people in any of the countries or states. To valid

our model, we apply our model to both national level data: Russia,

Figure 2: China. The circle-marked solid curve with dark
orange (resp. green) color is the real number of infected
persons 𝑰 (𝒕) (resp. recovered persons 𝑹(𝒕)), the star-marked
dashed curve with light orange (resp. green) color is the
predicted number of infected persons 𝑰 (𝒕) (resp. recovered
�̂�(𝒕)).

China, Spain, Italy and the USA, as well as state level data: Iowa,

Maryland and Texas.

We collect the data from JHU open source and [1]. The data

contains the number of confirmed cases, the number of recovered

cases and the number of death. For each country, we choose a

different start date for training according to the time when a relative

clear trend is shown. We set up a range of 3 to 20 as the order of the

autoregressive models for predicting 𝜷 (𝒕) and 𝜸 (𝒕) in Algorithm 1

and choose the final model with the best performance. The scikit-

learn library and GridSearchCV are used to carry out the algorithm.

The prediction result is summarized in Table 2.

The result of China shows that there will be approximately 84,400

total confirmed cases in the next two months from 2020 − 05 − 05
and figure 2 confirms that the disease has ended even before the

prediction window. In Russia, the results show that the disease will

end in approximately two months (70 days) as shown in figure 3

and there will be 387,860 confirmed cases if the Russian government

remains their control policy.

The result of the U.S. implies the possibility of having approxi-

mately 1.7𝑴 confirmed cases by August 2020. Since these are a only

few states we can get the whole records of the recovered cases, we

pick three states (Maryland, Iowa and Texas) to see how reopen will

impact the pandemic. Our prediction results indicate that there will

be 33,804 confirmed cases in Maryland, 10,297 confirmed cases in

Iowa and 47,083 in Texas by 2020−06−23. The infected number of

people in Texas will start decreasing by 2020− 05− 25 as in Figure

4. Hence the reopen order issued may not increase the infection.

In Figure 5 we show the one day relative prediction error of the

model using the USA data. The mean error for infected cases is

0.95% and the mean error for recovered cases is 9.04%. The high
prediction error for recovered might be caused by the incomplete

record of the recovered cases since the recovered prediction error

for China is actually less than 1%.
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Table 2: Prediction Results for Countries

Country Startdate of training dataset Enddate of training dataset Prediction Window Predicted Total Confirmed Cases

China 2020 − 01 − 15 2020 − 05 − 05 100 84,413

Italy 2020 − 02 − 24 2020 − 05 − 03 100 230,088

Russia 2020 − 04 − 06 2020 − 05 − 10 100 387,860

Spain 2020 − 03 − 03 2020 − 05 − 06 100 295,974

the USA 2020 − 03 − 04 2020 − 05 − 05 100 1,742,736

UK 2020 − 03 − 17 2020 − 05 − 10 100 258,071

Table 3: Prediction Results for States in the U.S.

State Start date of training dataset End date of training dataset Prediction Window Predicted Total Confirmed Cases

Maryland 2020 − 04 − 12 2020 − 05 − 04 50 33,804

Iowa 2020 − 04 − 12 2020 − 05 − 04 50 10,297

Texas 2020 − 04 − 12 2020 − 05 − 04 50 47,083

Figure 3: Russia. The circle-marked solid curve with dark
orange (resp. green) color is the real number of infected
persons 𝑰 (𝒕) (resp. recovered persons 𝑹(𝒕)), the star-marked
dashed curve with light orange (resp. green) color is the
predicted number of infected persons 𝑰 (𝒕) (resp. recovered
�̂�(𝒕)).

5.2 Result For Time-dependent SEIR Model
In this section, we use our time-dependent SEIR model in Section 2

to analyze and predict the trend of COVID-19 in China. Using the

data source from [1], we lack the number of Exposed individuals.

To get this information, we make the estimation that the number

of infected individuals is the number of confirmed cases minus

the number of recovered persons and the number of death, and

the recovered person (R in our model) as the number of recovered

cases plus death cases. Using two weeks of data of china from

2020 − 01 − 22, the average Infected-Suspected ratio was found to

be 2.399whichwe used to define the number of Exposed individuals

as a product of the number of infected individuals [5].

The result shows that there will be 84, 418 total confirmed cases,

1, 156 Exposed persons, 520 infected persons and 83, 886 recov-

ered plus death persons by around end of June 2020. The infection

reached the peak around mid February, while the disease ended

before our prediction date 2020 − 05 − 06 as seen in Figure 6. This

indicate that the reopen order do not increase the infection in China.

Figure 4: Texas. The circle-marked solid curve with dark or-
ange (resp. green) color is the real number of infected per-
sons 𝑰 (𝒕) (resp. recovered persons 𝑹(𝒕)), the star-marked
dashed curve with light orange (resp. green) color is the
predicted number of infected persons 𝑰 (𝒕) (resp. recovered
�̂�(𝒕)).

Figure 5: One-day relative prediction error for the U.S.

In figures 7, 8, and 9, we show the decreasing estimated transmis-

sion rate 𝜷 (𝒕) and estimated incubation rate𝝈 (𝒕) and the increasing
recovery rate 𝜸 (𝒕). It agrees with what China is experiencing now
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Figure 6: China. The circle-marked solid curve with dark or-
ange (resp. red, green) color is the real number of infected
persons 𝑰 (𝒕) (resp. exposed person 𝑬 (𝒕), recovered 𝑹(𝒕)), the
star-marked dashed curve with light orange (resp. yellow,
green) color is the predicted number of infected persons 𝑰 (𝒕)
(resp. exposed ˆ𝑬 (𝒕), recovered �̂�(𝒕)).

Figure 7: Trajectory of the transmission rate 𝜷 (𝒕) and pre-
dicted transmission rate 𝜷 (𝒕).

with the pandemic due to the policy implemented by the Chinese

government that tries to suppress the transmission rate by city-wide

lock down and traffic halt [4]. In figure 10 we show that the repro-

duction number is decreasing and inflection point (turning point)

that is when 𝑹0(𝒕) =
𝜷 (𝒕)
𝜸 (𝒕) ≤ 1 occurred on 2020 − 02 − 10 from

which it goes below one suggesting that the disease will gradually

dies down.

5.3 Simulation Result for the SEIR Model
In this section, we will model China and the USA trajectory of the

infection cases, recovered cases and exposed cases using the SEIR

model, 100 days from the start date of 2020 − 01 − 22 for china

and 2020− 03− 09 for the USA. We set the parameters of the SEIR

model as in Table 1. The population of China is assumed to be

approximately 1.4 billion and the population of the U.S. is assumed

Figure 8: Trajectory of the incubation rate 𝝈 (𝒕) and pre-
dicted incubation rate �̂� (𝒕).

Figure 9: Trajectory of the recovery rate 𝜸 (𝒕) and predicted
recovery rate 𝜸 (𝒕).

Figure 10: Trajectory of the basic reproductionnumber 𝑹0(𝒕)
in China.
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Figure 11: Simulation Of the SEIR Model For China

Figure 12: Simulation Of the SEIR Model For the USA

to be approximately 328 million. Similarly as in section 5.2, we

make the estimation that the number of infected individuals today

is the number of confirmed cases minus the number of recovered

persons and the number of death persons. The average Infected-

Suspected ratio was found to be 2.399 in China, which we use to

initialize the number of exposed individuals as a product of the

number of Infected individuals on 2020 − 01 − 22 [5]. In figure 11,

we show that the infection in China will reach the peak around

2020−03−10 and the disease will end around 2020−03−24. As for
the USA, Figure 12 shows that the infection will be at peak around

2020 − 05 − 01 and the disease will end around 2020 − 05 − 16.
This clearly indicate that the pandemic is over for those US states

that followed the guidelines set by center for disease control (CDC)

for the re-opening. This result agreed with current situation in

most of the US states except about twelves states that are currently

experiencing a rise in the number of new cases, which is associated

with their decision made on re-opening their states before reaching

the guidelines. Thus, our findings showed that the decision as to

when to re-open greatly affect the spread of the pandemic.

6 CONCLUSION
In this paper, we propose a time-dependent SEIR model considering

the incubation period and both symptomatic and asymptomatic

infectious cases, with coefficients estimated by ridge regression and

parameterized using data relevant to the COVID-19 transmission

dynamics in China, Italy, Russia, Spain, the USA, and UK, and three

states in the U.S., Maryland, Iowa, and Texas. Using two weeks of

data of China from 2020-01-22, our time-dependent SEIR model

suggested the total confirmed cases to be 84, 418, exposed persons

to be 1, 156, and recovery about 83, 886 with infection reaching the

peak around mid of February. There is considerable ongoing de-

bate on whether to recommend reopening. Some countries already

had successfully curved the spread of the disease such as China,

Germany, South Korea, Japan, and Italy. In the case of China, our

result indicates that the transmission rate 𝜷 (𝒕) and incubation rate

𝝈 (𝒕) decreases with time while the recovery rate 𝜸 (𝒕) increases.
Moreover, we find out that the inflection point for China occurred

on February 10, 2020 from which the basic reproduction number

is below one indicating that the disease is gradually dying down.

This result agrees with what China is currently experiencing which

clearly shows the effect of mitigation after non-pharmaceutical

interventions were being implemented by the Chinese government.

Furthermore, we simulated our SEIR model for China and the U.S. to

model the trajectory of the infection, recovered cases, and exposed

cases. In the further, we will consider both deterministic SEIR model

and stochastic compartmental models to have a complementary

insights of the COVID-19 pandemic.
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